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Time-Dependent Solution of Three-Dimensional Compressible
Turbulent Integral Boundary-Layer Equations

T. W. Swafford*
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and
D. L. Whitfieldt

Mississippi State University, Mississippi State, Mississippi

An integral method is presented for computing three-dimensional, time-dependent, compressible, turbulent
boundary layers in nonorthogonal curvilinear coordinates. Derivation of the momentum and mean-flow kinetic
energy integral equations is given along with the auxiliary relations required for solution. Although the equa-
tions derived are valid for unsteady flow, only steady-state results are presented. The integral form of the equa-
tions is used in the interest of computational speed and because the three-dimensional method is an extension of
an existing two-dimensional method. A time-dependent approach is used to provide a method that can use the
same surface grid as an inviscid solver for use in viscous/inviscid interaction calculations. The equations are
solved using a Runge-Kutta scheme with local time stepping to accelerate convergence. Stability and convergence
of the numerical scheme are examined for various space difference approximations. Computed steady-state
results are shown to compare favorably with measurements and with computations of previous investigators.

I. Introduction

T HE coupling of an inviscid flow solver with a viscous
flow solver has proved to be a useful method for the

computation of viscous-inyiscid interactive flow, particularly
two-dimensional steady flow (see, e.g., Refs. 1-3). With the
advancement of Euler equation codes capable of addressing
three-dimensional flow*4"7 the advancement of three-
dimensional boundary-layer solution methods becomes im-
portant to handle practical three-dimensional problems. Pro-
viding adequate computational support to the testing mission
at the Arnold Engineering Development Center (AEDC) re-
quires reasonably accurate and inexpensive solutions of in-
ternal and external flows.8 The application of a full Navier-
Stokes code is expensive and time consuming, whereas a
coupling approach can often provide an adequate flowfield
solution at a much reduced cost. In this connection, the pur-
pose of this paper is to present a new three-dimensional,
time dependent, compressible, turbulent, integral boundary-
layer computational method in nonorthogonal coordinates
that can be used for transonic adiabatic flow. Although
three-dimensional viscous-inviscid interaction is the .ultimate
goal, only the viscous (boundary-layer) portion of a coupling
approach is addressed here.

The computation of three-dimensional boundary layers
has received considerable attention in the past several
years.9'17 Typically, a calculation method is created to cater
to a particular need and/or application. The following
discussion addresses the requirement which led to the present
approach.

The methods described in Refs. 9-17 can be classified as
either integral or differential. In general, integral methods
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are computationally faster than differential methods because
the former have one less space dimension to contend with.
Although generally less flexible than differential methods,
integral methods have often proved to be as accurate as dif-
ferential methods for two-dimensional steady flow18'19

because of the empiricism "built into'' integral methods.
Therefore, an integral approach is taken here in the interest
of speed and accuracy and also because the three-
dimensional method is an extension of an accurate two-
dimensional method.20 However, the question of accuracy
between integral and differential methods for three-
dimensional flow has been investi' ^ted to a much lesser
degree than two-dimensional methc. .9>21'22

When using a coupled approach, it is desirable that the
viscous and inviscid surface grids (which could be nonortho-
gonal) be interchangeable such that information generated
by one method can be conveyed back to the other easily. The
steady form of the three-dimensional boundary-layer equa-
tions must be solved on a grid dictated by domain-of-
dependence principles,12'23 implying that interpolation is re-
quired on each viscous/inviscid iteration. However, if the
time-dependent boundary-layer equations are used, the con-
dition of interchangeable grids can be achieved because for a
fixed grid system, an appropriate time step can be chosen to
maintain computational stability. Thus, a time-dependent
approach in nonorthogonal coordinates is adopted in order
to provide a method than can use the same surface grid as an
inviscid solver.

The system of equations used herein is the three-
dimensional, time-dependent, compressible momentum and
mean-flow kinetic energy integral equations. To take advan-
tage of the previous work in two-dimensional flow, the non-
orthogonal coordinates are related to streamline coordinates
as suggested by Smith.13 The streamwise and cross-flow
velocity profiles used are those of Whitfield et al.24 and
Johnston,25 respectively. The numerical scheme used and
stability and convergence for various spatial difference ap-
proximations are discussed. Finally, computed steady-state
results are compared with measurements and with computa-
tions of previous investigators.
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II. Derivation of Equations
Inclusion of the derivation of the boundary-layer integral

equations is important because these equations apparently do
not exist in the literature for the general case of three-
dimensional, time-dependent, compressible flow in non-
orthogonal coordinates. Because of space limitations, only
the major steps in arriving at the integral form of the equa-
tions are shown; more details are given in Ref. 26.

A. Differential to Integral Form
The starting point in deriving the integral form of the

equations is to write the unsteady continuity and momentum
boundary-layer equations in differential form as listed by
Hirschel and Kordulla,27 given here as

Continuity:

Line of Constant XT
 X3» U3 A-Body

(x3 = 0)^ / Surface

X = Angle Between Xj and x2 Axes

Fixed Cartesian System

Fig. 1 General nonorthogonal curvilinear coordinate system on the
body surface.

Hjh^inX-—- + -—(pu ]H 2sm\)+-—(pu 2h ]sm\)
dt ox1 ox2

d
+ -—(pu3h!h2sin\)=0 (1)

Momentum:

dw,
7 2~d7

+ pu2hl—ox?

dp dp
k—— + /z.cotXcscX———dXi dx3_i dx.

(2)

where /= 1 or 2; i.e., when /= 1, Eq. (2) is the x1 -momentum
equation, and when / = 2, Eq. (2) is the x2-momentum equa-
tion. Note, however, that Eqs. (1) and (2) are not in the
form shown in Ref. 27, but have been written instead using
the nomenclature used, for example, by Cebeci et al.16 where
velocity and total stress components (w; and TX., respectively)
are the physical contravariant components with respect to
the local nonorthogonal curvilinear coordinate system which
is depicted in Fig. 1. In Eqs. (1) and (2), p andp are the fluid
density and pressure, respectively, and X the angle directed
from the xl to the x2 coordinate axis. Scale factors (ht) and
curvature terms (KitKi>3_i) are listed by Cebeci et al.16 and
others.26'27

L Momentum Integral Equations
The pressure gradient terms can be eliminated from Eq.

(2) by: 1) multiplying by sinX 2) writing this result at the
edge of the layer, and then 3) subtracting this result from
that of step 1. Manipulating the result of step 3 with the con-
tinuity equation [Eq. (1)] and assuming that [rx.]edge = 0,
we get

sinXw7——— + ph]sin\u2——-
dX; dX2dt

d
- —
OX2

— — — - /dx3 dt

d
- — (
OX3

-h1h2cos\Ki(pu2-pu2)+h]h2K3_i(pu2
3_i-pu2

3_i)

+ H1h2sin\Kl -,>3_i (pu1 u2—
drx.

dx3

.
^- = 0 (3)

where overbars denote boundary-layer edge values. By tak-
ing dUi/dx3 = 0, adding and substracting the term

d
-—
dt

d
— —
uX2

— — (pu3uih1h2sin\)

in Eq. (3) and using Eq. (1), considerable algebraic manipu-
lation yields

3 1
-M/— (p-p)J

+ h2sin\(pu1-pu1)— -!— + h1sin\(pu2-pu2)- l

dx?

- — [ p U j h ^ m X ^ i - U j ) ] +-—[pu 2 h 1 s in \ (u i -u i )]
OX i v%2

-—[pu 3h 1h 2sm\(u i -u i )] -
OX3

Ui(Ui-Ui)] +h1h2K3_i[u3_i(pu3_i-pu3_i)

+ pu3_i(u3_i-u3_i)] +h1h2$\n\Ki>3_i[ui(pu3_i-pu3_i)

drY.
2 ——

dx3
= 0 (4)

The xr and x2 -momentum integral equations are obtained
by integrating Eq. (4) over 0<x5<oo. Using the assumption
that surface metrics are independent of x3,2S defining the
following integral thicknesses as

i oo

(pUj—pUj)C
0

i oo

P u j ( u 2 - u j ]
0 J

(. 00

P^P= I (p-p)dx5

p 00

pq2Bij= \ puj(ui-ui)&x3
JO

(5)

and considering only an impermeable wall, i.e., (pW3)wan = 0,
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Eq. (4) becomes

r r) r)
— -(p<j2h2sm\0n)+-—

L oXj 0X2

h2q dx2

where q is the resultant velocity at the boundary-layer edge.
The xr and x2 -momentum integral equations result from
Eq. (6) by setting /= 1 or 2, respectively. Also, a comma be-
tween subscripts such as 0 / j _ / is taken as 072 for /= 1 and 027
for / = 2.

2. Mean-Flow Kinetic Energy Integral Equation
The approach is to multiply Eq (3) by «/, integrate over

0<x5<oo, and then sum the two resulting integral equa-
tions. Performing these operations and using Eq. (1) exten-
sively results in

ot
f _ , . x :—— + pu2uih]sm\ ——

ox j dx2

OX
*\ *\

- — (pu1u2:h2sm\) +- — (
OX i OX2

— - ——— — — -(pu2
ih1h2$m\)

OX3 2 Lot

dx3

+ hlh2K3_iui

3u?hjh2sm\) -h1h2cos\Kiui(pu2
i-pu2

i)

drY.U'lx.

+ h1h2sin\Ki3_iui(pu1u2-pu1u2)+hJh2sm\ui —— 1- = 0 (7)
ox3

To Eq. (7), add and subtract the term

1 r~

~T2 L

~ a

^7
ot

ii
- —
OX i

a ~i

sm\) I

and use the continuity equation and manipulate this result
using the identities

pui-pui = ui(p-p)-p(ui-ui)

Integrating over 0<x5<oo using the integral thickness
definitions given in Eq. (5), taking dUj/dx3 =(pu3)wall = 0,
and summing this result for / = 1 and 2 yields the following
clean but formidable equation:

(6> + J-F

I t " / r
-TJ- (M,— -p^J J o V dx3 dx3

(9)

Therefore, in summary: 1) the momentum integral equations
are given by Eq. (6) for /'= 1 and 2, 2) the mean-flow kinetic
energy integral equation is given by Eq. (9), and 3) the in-
tegral lengths are given by Eq. (5).

However, further algebraic manipulation is required to put
these equations in a form amenable to solution. Equations
(6) and (9) can be written as

/ = / or 2 (10)

1
^-[pq2 (077+0222pq3 dt

+ ̂ r

where £,- and L are defined by referring to Eqs. (6) and (9).
Expanding the derivatives with respect to time results in

(for i = l and 2)

Ui(pu2
3_i-pu2

3_i)=pui(u2
3_i-u2

3_i)

Ui ( p U f U j - p U f U j ) =pUj(U2
i -U?)+U22

(8)

dt q
(12)

(13)

(14)
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where Tg , Tg , and TL are terms involving the time rate of
change of p, iii9 and q. Up to this point, the equations are
valid for time-varying edge conditions. It is to be emphasized
that, hereafter, the analysis is restricted to the case of steady
edge conditions, i.e., Tf. = TL =0. Thus, the system of equa-
tions reduces to

was shown in Ref. 20 that //, 97;/9M, and He* can be cor-
related with H and edge Mach number Me. In addition,
Donegan31 correlated He with H and Me, listed here as

He =M2
e(0.185H+0.150) (22)

ddf u, dOp

_d_
"aT

(15)

(16)

(17)

Equations (15-17) contain the 13 unknowns 6*, 6ij9 eij9 5*.,
and 6p (/= 1 or 2 and j= 1 or 2). The fundamental steps in
reducing the number of unknowns to three in the present
analysis are 1) the choice of the cross-flow velocity profile,
2) relating the 13 integral lengths in streamline coordinates
such that specification of A*, 0;7, Ell9 Op9 and AJ com-
pletely determines the rest, 3) relating the nonorthogonal in-
tegral lengths to those in streamline coordinates, and 4) the
choice of shape factor and skin-friction correlations in
streamline coordinates. The following sections address the
manner in which these tasks are resolved. It should be noted
that integral lengths written with upper-case Greek letters
represent those in streamline coordinates, whereas lower-case
letters denote integral lengths resolved in the nonorthogonal
system.

B. Empirical Relationships in Streamline Coordinates
1. Cross-Flow Velocity Profile

The choice of cross-flow velocity profile is restricted in the
present study to the triangular model of Johnston,25 given as

(18)

in the thin layer adjacent to the wall, and over the remaining
portion of the boundary layer

= A[l-(us/q)] (19)

where us and un are streamwise and cross-flow velocity com-
ponents, respectively, and A is a parameter related to the
limiting wall streamline angle f3w. In the present case, the
relationship originally given by Johnston25 and later
modified by Smith13 as

t an ( jS w )=^
0.1

(20)

is used, where cf is the value of skin friction resolved along
the external streamline flow direction.

2. Shape Factor, Skin-Friction, and Dissipation Correlations
The following shape factors can be defined in streamline

coordinates as

•*7

?77
H=- e,,

(21)

(See Refs. 13 and 26 for the definitions of streamwise in-
tegral thicknesses.) Based upon the streamwise velocity pro-
file originally postulated by Whitfield29 and a velocity-
temperature relationship derived by Whitfield and High,30 it

The correlations for Hd* and cf actually used in the present
study are given by Whitfield et al.32 The He* correlation is
based upon a streamwise velocity profile valid for attached
and separated flow.24'33 These correlations are used because
of their validity over a larger range of H than those given in
Ref. 20.

The equations used to resolve cy in streamwise coordinates
into nonorthogonal components are those of Myring12 and
Smith.13

Cf =(
sin(^) — cos(^)tan(/3

sin(X)

sin(g) +cos(o:)tan(/3M;

sin(X)

Jl

(23)

where a. is the angle between the local edge resultant velocity
vector and the Xj axis, X the angle between the x1 and x2
axes, and £ = X — a:.

Finally, the dissipation integrals appearing in Eq. (9) can
be written in terms of streamwise and cross-flow velocities
and then integrated by parts using Johnston's cross-flow
profile, yielding

1 f°° / OTX Or
rl \ui —— L + U2 ——pq3 Jo V 1 dx3

 2 dx3

where

cfDs
u

~~~
Dn

(24)

T^ d(us/q)*=\"-*¥J O T5 dAT5

(25)

(26)

and t1 and t2 are functions of £, a, and A.26 The "stream-
wise" dissipation (D£) is evaluated in this study using the
correlation developed by Donegan31 and later improved by
Thomas.34 (The product cfDs

u/2 was actually correlated as a
function of H, Me9 and ReQjj.) This correlation was derived
by numerically evaluating Eq. (25) using a constant laminar
plus turbulent shear stress in the region very near the wall,
an eddy-viscosity model in the inner and outer regions, and
the derivative of the velocity profile used in Ref. 24. In prin-
ciple, the "cross-flow" dissipation Dn

u could be correlated in
similar fashion using Johnston's cross-flow profile to
evaluate tan/3. However, we have opted here to simply
neglect the contribution of Dn

u in comparison with Ds
u with

the understanding that this approximation could lead to
serious error for flows containing "large" cross flow.

C. Relationships Between Streamwise and Nonorthogonal
Integral Lengths Using Johnston's Cross-Flow Profile

Using Johnston's cross-flow profile in the streamwise in-
tegral lengths defined in Ref. 13 and shape factors defined in
Eq. (21), the following relations among streamline integral
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lengths can be derived: A. Implementing Four-Stage Runge-Kutta
Consider the single model equation

E21 = -922-AEJ2

E22=-A(E21-e22)

(27)

(These relationships were derived using only the outer por-
tion of Johnston's model.) Therefore, given 9;7, //, A, //,
HQ , //#*, and 977/9w, all streamwise integral quantities can
be Determined. As mentioned previously, //, HQ , He* and
0///0M are related to H and Me.20>31'32 Smith13 Ppoints out
that all integral quantities in one axis system are uniquely
related to those in the other. (These relations are indepen-
dent of the cross-flow velocity profile.) For example, Smith
shows that the momentum thickness Sn in the nonortho-
gonal system is related to those in the streamline system as

1
sin2X

+ 92 (28)

Stock14 has listed all of these relationships using different
nomenclature than used herein, whereas Myring12 and
Smith13 have given the relationships between streamline and
nonorthogonal displacement and momentum thicknesses.
The complete list using the present nomenclature is given in
Ref. 26.

Therefore, given the external Mach number as input, the
only remaining unknowns are 9 /7, //, and A; it remains to
reformulate the system of Eqs. (15-17) in terms of these
quantities.

D. Formulation for Solution
Using the relations between streamline and nonorthogonal

integral lengths given in Ref. 26, the aforementioned em-
pirical correlations, and assuming steady edge conditions,
Eqs. (15-17) can be recast into matrix form as

~dx
a = const > 0 (30)

applied in the x-t plane. By expressing the spatial derivative
with some appropriate finite difference approximation to be
discussed later, Eq. (30) becomes

(3D

where Dx(u") is some finite difference operator and u?
denotes the /th value of u at time level n. For the case of two
space dimensions, Eq. (31) becomes

(32)

with corresponding changes in Eq. (31) for f(t,u"). For the
present system of equations, Eq. (29) can be written as

(33)

where Ufj is the vector of unknowns and a and b are 3 x 3
matrices. Thus, if we write Eq. (33) at every (i,j) point in the
field, the solution can be advanced from time level n to time
level n+ 1 using a standard Runge-Kutta scheme.36

B. Stability and Convergence
Although a system of equations is involved, the numerical

method described above is explicit. Typically, stable explicit
methods are restricted to CFL numbers less than one.
However, Jameson et al.35 showed that, for the model prob-
lem Eq. (30) using central space differences, the "classical"

(29)

where A is the 3x3 coefficient matrix; U the vector of
unknowns, =(Q1},ff,A)T; and b the right-hand side vector
containing spatial derivatives; and the elements of the matrix
A and vector b are given in Ref. 26. Equation (29) represents
a system of three first-order, nonlinear, coupled partial dif-
ferential equations (pde) for the three unknowns, 9;;, H,
and A. The numerical approach taken here is, first, to
reduce the above system of pde's to a system of ordinary dif-
ferential equations (ode) by discretizing the dependent
variables in space and then using a standard integrator for
ode's. Particular aspects of the numerical method used
herein are discussed in the following section.

III. Numerical Method
The aforementioned numerical appoach is usually referred

to as the method of lines. Recently, Jameson et al.35 used
this method to solve the Euler equations in transonic flow
and showed that when using a Runge-Kutta scheme, con-
vergence to steady state was significantly accelerated by us-
ing a local time step dictated by the local CFL number. The
approach taken here is a four-stage Runge-Kutta scheme also
using spatially variable time steps to accelerate convergence.
(One should recall from the latter part of Sec. II.A.2 that
because edge condition derivatives were set to zero, only
steady-state results are of interest. Hence transient results
were not considered important for the present work.)
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Fig. 2 Convergence histories for the dummy infinite swept-wing
test case of Cumpsty and Head.15
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Fig. 3 General computational domain.

E 20 r o, a Measured [39]
E 18
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1 I4,
*<T 10

</> 8

a)
0.5 0. 7 0.9 1.1 1.3 1.5

Xn.lTl

J 2
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b)

0.9 1.1 1.3
Xpin

1.5

_ Inviscid Streamlines
---- Wall Streamlines

Fig. 5 Computed and measured wall streamlines for the van den
Berg and Elsenaar39 test case: a) measured (oil-flow photograph);
b) computed wall streamlines.

c)
0.5

6 B

0.7 0.9 1.1 1.3 1.5

Fig. 4 Computed and measured boundary-layer quantities for the
van den Berg and Elsenaar39 infinite swept-wing case, a) Displace-
ment and momentum thickness; b) total skin friction; c) wall
streamline angle.

Runge-Kutta scheme36 was stable for CFL numbers <2V2.
Initially, the present system of equations was solved using
central space differences with a CFL = 2.8. Smoothing was
required and, although reasonable answers were obtained,
convergence was not good and the amount of smoothing
needed was problem dependent. After examining the eigen-
values of the a and b matrices in Eq. (33), it was found that^
for most cases considered, eigenvalues for both the a and b
matrices were positive. As shown by Steger and Warming37 a
stable scheme for the model problem can be constructed us-
ing backward space differences which has better dissipative

and dispersion properties than that of a centered scheme,
thus requiring little or no smoothing. However, using
backward space differences necessitates reducing the max-
imum allowable CFL number from 2.8 to approximately 1.3
and 0.6 for first- and second-order backward differences,
respectively, to maintain stability.26

Figure 2 illustrates convergence obtained (as measured by
the rms of the dH/dt derivative) for the dummy infinite
swept wing test case of Cumpsty and Head15 solving the
present system using second-order central/first-order,
backward, and second-order backward spatial differences
with a spatially variable time step. A simple five-point
weighted-average smoothing was employed to obtain the
solution using central differences with smoothing. Also
shown in Fig. 2 is the convergence history of the first-order
backward scheme with smoothing, which illustrates that con-
vergence is limited when smoothing is applied. In addition,
Fig. 2 illustrates how convergence is accelerated by using
spatially variable time steps as opposed to using a constant
(maximum allowable over the field) time step.

Solutions presented herein were converged such that all
residuals were reduced to machine zero [0(10~14)] on a
CRAY-IS. Typical run times were approximately 0.001 CPU
seconds/cycle/point using a four-stage Runge-Kutta scheme.
Depending upon the time step used, 200-400 cycles were re-
quired for convergence. The above rather stringent con-
vergence criteria were used because the present code is in a
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6 Calculated boundary-layer parameters for the 1978 Stockholm test case21 for zero angle of attack.

research stage; however, for practical applications, adequate
solutions can be obtained by reducing the residuals only
three or four orders of magnitude. The overall speed of the
present integral method is somewhat slow considering that
speed and simplicity were the reasons that an integral
method was chosen in the first place. However, as mentioned
above, the present code is not for production runs and its
performance could be improved significantly by more effi-
cient coding and by the incorporation of a more efficient
numerical scheme. For example, a' two-stage Runge-Kutta
scheme operating with a CFL of 0.9 was incorporated into
the code and the van den Berg case (to be discussed in Sec.
V) recomputed. The solution was practically identical to that
using the four-stage scheme with approximately a 40%
reduction in CPU time.

C. Boundary Conditions
Depicted in Fig. 3 is a general computational mesh as used

in the present method. The boundary conditions used to
compute all of the solutions presented here were to fix or

"clamp" the three dependent variables (0/;, //, and A)
along the initial start line (say, along the leading edge of a
wing) and let the conditions at all other boundaries "float."
That is, no conditions along any boundary except the initial
start line were specified. This essentially amounts to ex-
trapolating the conditions at the boundaries from the interior
of the computational domain.
^ As previously mentioned, all eigenvalues of both the a and
b matrices in Eq. (33) for most flow cases are positive.
Therefore, specification of boundary conditions along the in-
itial start line (/=!, J=\—NJ) and extrapolation along the
"outflow" boundary (7=TV/, J=l-^NJ) is compatible with
the sign of the characteristics ^(eigenvalues). However, the
sign of the eigenvalues of the b matrix are mixed for some
flow cases. Therefore, extrapolation of boundary conditions
along the (/= 1 -AT/, J= 1) line and (/= 1-TV/, J=NJ) line is
not correct if one adheres strictly to the information ob-
tained from the sign of the eigenvalues. However, based
upon the results to be presented, it seems that this erroneous
treatment of conditions along the upper and lower bound-
aries does not affect the outcome of the computations sig-
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1.0

- ——— Wall Streamlines
——— Inviscid Streamlines

1.0 2.0
b)

Fig. 7 Computed and measured streamline patterns for the 1978
Stockholm test case21 for zero angle of attack: a) measured
(surface-flow visualization); b) computed.

nificantly, at least for the cases considered. It should be
noted that initial conditions for all cases were taken as those
at the initial start line (for each case) distributed over the en-
tire mesh. Different initial conditions were tested which did
not alter the steady-state solutions.

IV. Computation of Surface Metrics
The primary objective of the present work was to develop

a three-dimensional, time-dependent, turbulent boundary-
layer computational method that can be used for compressi-
ble adiabatic flow in nonorthogonal coordinates. All but one
of the cases computed thus far were such that specification
of surface scale factors and curvatures was trivial (i.e.,
h]=h2 = l and K1=K2=K12=K21=G)\ only one case was
computed using surface metrics which themselves were com-
puted from the given Cartesian coordinates of the surface.

As shown by Smith and Gaffney,38 all metrics depend ex-
plicitly upon derivatives of the given Cartesian coordinates
with respect to the chosen curvilinear coordinates. For one
test case, these derivatives were evaluated using simple cen-
tral differences except near the boundaries where extrapola-
tion was used. This is a rather crude approximation com-
pared to, for example, the method described by Smith and
Gaffney,38 who approximated the metric tensor using

bicubic splines. However, computed results indicate that the
approximation used here was adequate for the case con-
sidered, which was a flat surface using a skewed grid (i.e., a
swept finite wing with taper). It is not known what effects a
more accurate calculation of surface metrics would have on
the solution.

V. Results
Calculations using the present method are compared with

results of two experimental/analytical test cases. These data
sets include the infinite swept wing case of van den Berg and
Elsenaar39 and the fully three-dimensional case of Hum-
phreys.21 Additional comparisons can be found in Refs. 26
and 40.

The low-speed flow used by van den Berg and Elsenaar39

involved probing the three-dimensional boundary layer on a
flat surface swept at 35 deg with an external pressure
distribution induced by an appropriately shaped body such
that infinite swept-wing conditions were approximately
simulated. (This experiment was performed specifically for
comparison to computational methods.) Comparisons be-
tween measured and computed boundary-layer quantities are
shown in Fig. 4. Agreement between the computations and
measurements upstream of x= 1 m is considered good;
whereas, past this point, considerable discrepancies exist,
particularly with the stream wise integral thicknesses. Similar
results were obtained by Cebeci and Chang41 using a finite
difference method. However, the measured flow angles
downstream of x= 1 deviated from those which would have
been present under infinite swept-wing conditions.39 Il-
lustrated in Fig. 5 are computed and measured wall
streamlines which indicate good qualitative agreement of the
experiment and computations.

The 1978 Stockholm test case21 was based upon the flow
about a swept wing of modern configuration in high sub-
sonic flow (M=0.5). Effects of three dimensionality and
compressibility were small but non-negligible. Because the
test case was designed to test three-dimensional boundary-
layer calculation methods, the in viscid velocity distribution
was provided by a higher order panel method. The only ex-
perimental data provided for comparison were oil-flow
photographs of the wing surface. Boundary values at the in-
itial start line are given in Ref. 21. Figure 6 gives com-
parisons between the results at span stations 2, 4, and 6 com-
puted by the present method and the eight calculation
methods (represented by the shaded area in Fig. 6) which
were compared in Ref. 21 for the case of zero angle of at-
tack. Favorable agreement is seen to exist when comparing
momentum thickness, shape factor, and skin fricition;
whereas, the present computations for f3w indicate a more
rapid increase for x/c>QA than the other calculations.
Figure 7 gives the wall streamline patterns as computed by
the present method and as measured using oil-flow visualiza-
tion; good qualitative agreement is seen to exist between the
computations and measurements.

VI. Summary and Conclusions
An integral method for computing three-dimensional,

time-dependent, compressible, turbulent boundary layers in
nonorthogonal coordinates has been presented. A derivation
of the time-dependent momentum and mean-flow kinetic
energy integral equations was presented and the resulting
method provides a means for viscous/inviscid interaction us-
ing identical surface grids for both the viscous and inviscid
calculations. A four-stage, Runge-Kutta, time-stepping
scheme was used to numerically solve the system of equa-
tions using local time steps to accelerate convergence. Several
space difference approximations were employed, and it was
found that a backward scheme gave the best results using no
artificial smoothing. Calculated results using the present
method were compared to experimental data and the results
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of other calculation methods and satisfactory agreement was
obtained. However, it is felt that results can be improved by
incorporating more general correlations pertaining to three-
dimensional boundary-layer flow, particularly an improved
cross-flow velocity profile representation. The Stockholm
swept-wing calculation demonstrates that three-dimensional
turbulent boundary-layers can be computed in a time-
dependent fashion on a practical configuration using the
present method.
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